Bayesian Networks and Inner Product Spaces ?

Atsuyoshi Nakamura1, Michael Schmitt2, Niels Schmitt2, and Hans Ulrich Simon2

1Graduate School of Engineering, Hokkaido University, Sapporo 060-8628, Japan atsu@main.eng.hokudai.ac.jp 2Fakultät für Mathematik, Ruhr-Universität Bochum, 44780 Bochum, Germany fmschmitt,nschmitt,simong@lmi.ruhr-uni-bochum.de

Abstract. In connection with two-label classification tasks over the Boolean domain, we consider the possibility to combine the key advantages of Bayesian networks and of kernel-based learning systems. This leads us to the basic question whether the class of decision functions induced by a given Bayesian network can be represented within a lowdimensional inner product space. For Bayesian networks with an explicitly given (full or reduced) parameter collection, we show that the “natural” inner product space has the smallest possible dimension up to factor 2 (even upto an additiveterm1 inmanycases). For a slight modification of theso-called logistic autoregressive Bayesian networkwithnnodes, we show that every sufficiently expressive inner product space has dimension at least 2 n=4. The main technical contribution of our work consists in uncovering combinatorial and algebraic structures within Bayesian networks such that known techniques for proving lower bounds on the dimension of inner product spaces can be brought into play.

1 Introduction

During the last decade, there has been a lot of interest in learning systems whose hypotheses can be written as inner products in an appropriate feature space, trained with a learning algorithm that performs a kind of empirical or structural risk minimization. The inner product operation is often not carried out explicitly, but reduced to the evaluation of a so-called kernel-function that operates on instances of the original data space, which offers the opportunity to handle high-dimensional feature spaces in an efficient manner. This learning strategy introduced by Vapnik and co-workers [4,33] in connection with the socalled Support Vector Machine is a theoretically well founded and very powerful method that, in the years since its introduction, has already outperformed most other systems in a wide variety of applications.

Bayesian networks have a long history in statistics, and in the first half of the 1980s they were introduced to the field of expert systems through work by ?This work was supported in part by the IST Programme of the European Community, under the PASCAL Network of Excellence, IST-2002-506778. This publication only reflects the authors’ views. This work was furthermore supported in part by the Deutsche Forschungsgemeinschaft Grant SI 498/7-1.

Pearl [25] and Spiegelhalter and Knill-Jones [29]. They are much different from kernel-based learning systems and offer some complementary advantages. They graphically model conditional independence relationships between random variables.There existquiteelaboratedmethodsforchoosinganappropriatenetwork, for performingprobabilisticinference(inferringmissingdata fromexistingones), and for solving pattern classification tasks or unsupervised learning problems. Like other probabilistic models, Bayesian networks can be used to represent inhomogeneous training samples with possibly overlapping features and missing data in a uniform manner.

Quite recently, several research groups considered the possibility to combine the key advantages of probabilistic models and kernel-based learning systems. For this purpose, several kernels (like the Fisher-kernel, for instance) were studied extensively [17,18,24,27,31,32,30]. Altun, Tsochantaridis, and Hofmann [1] proposed (and experimentedwith) a kernelrelated to the Hidden MarkovModel.

In this paper, we focus on two-label classification tasks over the Boolean domain and on probabilisticmodels that can be represented as Bayesian networks. Intuitively, we aim at finding the “simplest” inner product space that is able to express the class of decision functions (briefly called “concept class” in what follows) induced by a given Bayesiannetwork. We restrict ourselves to Euclidean spaces equipped with the standard scalar product.

3Furthermore, we use the Euclidean dimension of the space as our measure of simplicity.

4Our main results are as follows:

1) For Bayesian networks with an explicitly given (full or reduced) parameter collection, the “natural” inner product space (obtained from the probabilistic model by fairly straightforward algebraic manipulations) has the smallest possible dimension up to factor 2 (even up to an additive term 1 in many cases). The (almost) matching lower bounds on the smallest possible dimension are found by analyzing the VC-dimension of the concept class associated with a Bayesian network.

2) We present a quadratic lower bound and the upper bound O(n

6) on the VC-dimension of the concept class associated with the so-called “logisticautoregressive Bayesian network” (also known as “sigmoid belief network”)

5, where_n denotes the number of nodes.

3) For a slight modification of the logistic autoregressive Bayesian network with n +2 nodes, we show that every sufficiently expressive inner product space has

3This is no loss of generality (exceptfor the infinite-dimensionalcase) since any finitedimensional reproducing kernel Hilbert space is isometric with R

dfor some d.

4This is well motivated by the fact that most generalization error bounds for linear classifiers are given in terms of either the Euclidean dimension or in terms of the geometrical margin between the data points and the separating hyperplanes. Applying random projection techniques from [19,14,2], it can be shown that any arrangement with a large margin can be converted into a low-dimensional arrangement. Thus, a large lower bound on the smallest possible dimension rules out the possibility of a large margin classifier.

5originally proposed by Mc-Cullagh and Nelder [7] and studied systematically, for instance, by Neal [23] and by Saul, Jaakkola, and Jordan [26] 2 dimension at least 2^{n/4}. The proof of this lower bound proceeds by showing that the concept class induced by such a network contains exponentially many decisionfunctions that arepairwiseorthogonalon an exponentiallylargesubdomain. Since the VC-dimension of this concept class has the same order of magnitude, O(n^6), as the original(unmodified)network,VC-dimensionconsiderationswould be insufficient to reveal the exponential lower bound.

While (as mentioned above) there exist already some papers that investigate the connection between probabilistic models and inner product spaces, it seems that this work is the first one which addresses explicitly the question of finding a smallest-dimensional sufficiently expressive inner product space. It should be mentioned however that there exist a couple of papers [10,11,3,13,12,20,21] (not concerned with probabilistic models) considering the related question of finding an embedding of a given concept class into a system of half-spaces. The main technical contribution of our work can be seen in uncovering combinatorial and algebraic structures within Bayesian networks such that techniques known from these papers can be brought into play.

2 Preliminaries

In this section, we present formal definitions for the basic notions in this paper. Subsection 2.1 is concerned with notions from learning theory. In Subsection 2.2, we formally introduce Bayesian networks and the distributions and concept classes induced by them. The notion of a linear arrangement for a concept class is presented in Subsection 2.3.

2.1 Concept Classes and VC-Dimension

A concept class C over domain X is a family of functions of the form f : X → {−1; +1}. Each f ∈ C is then called a concept. A set S = {s1; : : : ; sm} ⊆ X of size m is said to be shattered by C if

∀b ∈ {−1; +1}^m; ∃f ∈ C; ∀i = 1; : : : ; m : f(si) = bi :

The VC-dimension of C is given by

VCdim(C) = sup{m|∃S ⊆ X : |S| = m and S is shattered by C} :

For every z ∈ R, let sign(z) = +1 if z ≥ 0 and sign(z) = −1 otherwise. In the context of concept classes, the sign-function is sometimes used for mapping real-valued functions f to ±1-valued functions sign ∘ f.

We write C ≤ C^′ for concept classes C over domain X and C

′ over domain X^′ if there exist mappings_{C ∋ f → f ′ ∈ C′; X ∋ x → x′ ∈ X ′}

such that f(x) = f^′(x^′) for every f ∈ C and every x ∈ X . Note that C ≤ C^′ implies that VCdim(C) ≤ VCdim(C

′) because the following holds: if S ⊆ X is a set of size m that is shattered by C then S^′ = {s^′|s ∈ S} ⊆ X^′ is a set of size m that is shattered by C^′. 3

2.2 Bayesian Networks

Definition 1. A Bayesian network N consists of the following components:

1. a directed acyclic graph G = (V; E), 2. a collection (p_{i,α})_{i∈V,α∈{′,1}} mi of programmable parameters with values in

the open intervall ]0; 1[, where m_i denotes the number of j ∈ V such that

(j; i) ∈ E,

3. constraints that describe which assignments of values from ]0; 1[ to the parameters of the collection are allowed.

If the constraints are empty, we speak of an unconstrained network. Otherwise, we say the network is constrained.

Conventions: We will identify the n = |V | nodes of N with the numbers from 1

to n and assume that every edge (j; i) ∈ E satisfies j ¡ i (topological ordering). If (j; i) ∈ E, then j is called a parent of i. Pi denotes the set of parents of no