On the Complexity of Working Set Selection ? HansUlrichSimon

Fakult¨atfürMathematik,Ruhr-Universit¨atBochum,D-44E80Bochum,Germany simon@lmi.rub.de

Abstract. The decomposition method is currently one of the major methodsfor solving theconvexquadraticoptimization problemsbeing associatedwithSupportVectorMachines(SVM-optimization).Akeyissueinthisapproachisthepolicyforworkingsetselection.Wewouldlike tofindpoliciesthatrealize(asgoodaspossible)threegoalssimultaneously:“(fast)convergencetoanoptimalsolution”,“efficientprocedures for working set selection”, and “high degree of generality” (including

typicalvariantsofSVM-optimizationasspecialcases).Inthispaper,we studyageneralpolicyforworkingsetselectionthathasbeenproposed quite recently.It is known thatit leads to convergence for any convex quadraticoptimizationproblem.Here,weinvestigateitscomputational complexitywhenitisusedforSVM-optimization.Weshowthatitposes an NP-complete working set selection problem, but a slight variation

of it (sharing the convergence properties with the original policy) can besolvedinpolynomialtime.Weshowfurthermorethatso-called“rate certifying pairs” (introducedbyHushandScovel)canbefoundinlineartime,whichleadstoaquiteefficientdecompositionmethodwitha polynomialconvergencerateforSVM-optimization.

1 Introduction

Support vector machines(SVMs) introduced by Vapnik and co-workers[1,23] areapromisingtechniqueforclassification,functionapproximation,and other keyproblemsinstatisticallearningtheory.Inthispaper,weconsidertheoptimizationproblemsthatareinducedbySVMs,whicharespecialcasesofconvex quadraticoptimization.

The difficulty of solvingproblems of this kind is the density of the matrix that represents the “quadratic part” of the cost function. Thus, a prohibitive amountofmemoryisrequiredtostorethematrixandtraditionaloptimization algorithms (such as Newton, for example) cannot be directly applied. Several authorshaveproposed(differentvariantsof) adecompositionmethod toovercome this difficulty [20,6,21,22,17,18,2,9,13,19,10,8,14,15,11,3,12,4]. This methodkeepstrackofacurrentfeasiblesolutionwhichisiterativelyimproved. ⋆ This work was supported in part by the IST Programme of the European Com munity under the PASCAL Network of Excellence IST2002506778▷ This publica tion only reγects the authorsφ views▷ This work was furthermore supported by the Deutsche Forschungsgemeinschaft Grant SI 498◁71▷

In each iteration the variable indices are split into a ♮working setε I ⊆ {∞, . . . , m} ⊣\⌈ ⟩⊔∫ ⌋≀⇕√↕⌉⇕⌉\⊔ J / {∞, . . . , m} \ I▷ Then the subproblem with variables x_i i ∈ I is solved thereby leaving the values for the remaining variables x_j j ∈ J unchanged▷ The success of the method depends in a quite sensitive manner on the policy for the selection of the working set I ↼whose size is typically bounded

by a small constant↽▷ Ideally the selection procedure should be computationally eδcient and at the same time eαective in the sense that the resulting sequence of feasible solutions converges ↼with high speed↽ to an optimal limit point▷ Clearly these goals are conγicting in general and tradeoαs are to be expected▷ Our results and their relation to previous work We study a general policy for working set selection that has been proposed quite recently [16]. It is known that it leads to convergence for any convex quadratic optimization problem. Here, we investigate its computational complexity when it is used for SVM-optimization. As a “test-case”, we discuss one of the most popular and well-studied SVMoptimization problems.^1 We show that the application of the general policy poses

an NP-hard working set selection problem (see Section 4). Although this looks frustrating at first glance, it turns out that a slight variation of the general policy (replacing in some sense “exact working set selection” by “approximate working set selection”) allows still for a general convergence proof (valid for convex quadratic optimization in general; see Section 3) and poses an efficiently solvable working set selection problem as far as SVM-optimization is concerned (see Section 5).

It would be clearly desirable to achieve a high convergence speed. Hush and Scovel [4] proved recently that the decomposition method (when applied to the same SVM-optimization problem that we discuss in our paper) leads to a polynomial convergence rate if the working set always contains a so-called “rate certifying pair”. They also provided an O↼m log m↽ algorithm for βnding such a pair▷ We design a new algorithm that βnds a rate certifying pair in linear time▷ This leads ↼to the best of our knowledge↽ to the βrst working set selection pro cedure that is ↼almost↽ as eδcient as Joachimφs method ♭6♯ used in the software package SVM^{light} and has ↼on top of being eδcient↽ a provable polynomial con vergence rate▷

More relations to previous work will be discussed in the full paper▷

2 Preliminaries Throughoutthispaper, f↼x↽ / 1 2 x^⊤Qx − w^⊤x / 1 2 m∑ i=1 ∑ j=1 i,j i j − ∑ i=1 w_ii ↼1↽ 1 the dual problem to maximum margin classification with the 1-norm soft margin

criterion denotes a convex cost function, where Q ∈ R m×m is a positive semideβnite matrix over the reals▷ We are interested in optimization problems of the following general form P¬ ⇕⟩\_x f↼x↽ s.t. Ax / b, l ≤ x ≤ r ↼2↽ Here A ∈ R^{k×m} b ∈ R^k l, r ∈ R^m and l ≤ x ≤ r is the shortnotation for the ♮box constraintsε ∀i / 1, . . . , m . l_i ≤ x_i ≤ r_i . In the sequel R↼P⇒ ℑ {x ∈ R^m| Ax / b, l ≤ x ≤ r} ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ ⌋≀⇕√⊣⌋⊔ ∫⌉⊔ ≀{ {⌉⊣∫⟩⌊↕⌉ √≀⟩\⊔∫ {≀∇ P↙ W⌉ ⌊∇⟩⌉◯† \≀⊔⌉ ⊔⟨⊣⊔ ⊣\† ⌊≀⊓\⌈⌉⌈^2 optimization problem with cost function f↼x↽ and linear equality and inequalityconstraints can be brought into the form ↼2↽ because we may convert the linear inequalities into linear equations by introducing nonnegative slack variables▷ By the compactness of the region of feasible points we may also put a suitable upper bound on each slack variable such that βnally all linear inequalities take the form of box constraints▷ Example 1. A popular (and actually one of the most well studied) variant of

Support Vector Machines leads to an optimization problem of the following form P_0: min x f↼x↽ s.t. y

⊤

x / 0 , l ≤ x ≤ r ↼3↽ Here y ∈ {−∞, 1}^m is a vector whose components represent binary classiβcation labels▷ Note that we may ♮normalizeε P 0 by substituting y ixi for x i▷ This leads to a problem of the same form as P 0 but with y / μ1 where μ1 denotes the ♮allonesε vector▷ ↼An analogous notational convention is used for any other constant▷↽ The main diαerence between P_0 and the general problem P ⟩∫ ⊔⟨⊣⊔ P 0 has only the single equality constraint y ⊤x / 0▷ 3

The decomposition method with working sets of size at most q proceeds iter atively as follows. given a feasible solution x ∈ R↼P⇒ ⇐⌋⟨≀∫⌉\ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⟩\ ⊔⟨⌉ ⌊⌉}⟩\\⟩\}⇒⇔ ⊣ ∫≀↖⌋⊣↕↕⌉⌈ ⊒≀∇‖⟩\} ∫⌉⊔ I ⊆ {∞, . . . , m} ≀{ ∫⟩‡⌉ ⊣⊔ ⇕≀∫⊔ q is selected▷ Then x is updated by the optimal solution for the subproblem with variables x_i i ∈ I ↼leaving the values x_j with j /∈ I unchanged↽▷ The policy for working set selection is a critical issue that we brieγy discuss in the next section▷ 2 Here, “bounded” means that the region of feasible points is compact (or can be made

compact without changing the smallest possible cost).

3 As far as the SVM-application is concerned, we could also set w / μ1 l / μ0 and r / μC for some constant C > 0▷ Since these settings do not substantially simplify the problem we prefer the more general notation▷

3 Working Set Selection and Convergence Consider the situation where we attack a problem P ≀{ ⊔⟨⌉ }⌉\⌉∇⊣↕ {≀∇⇕ ⇐∈⇒ ⌊† ⇕⌉⊣\∫ ≀{ ⊔⟨⌉ ⌈⌉⌋≀⇕√≀∫⟩⊔⟩≀\ ⇕⌉⊔⟨≀⌈↙ A∫ ⌉§√↕⊣⟩\⌉⌈ ⌊⌉↕≀⊒⇔ ⊔⟨⌉ ∫⌉↕⌉⌋⊔⟩≀\ ≀{ ⊣ ⊒≀∇‖⟩\} ∫⌉⊔ I ⊆ {∞, . . . , m} ≀{ ∫⟩‡⌉ ⊣⊔ ⇕≀∫⊔ q can be guided by a function family C_I ↼x↽▷ For instance the following family was considered in ♭16♯. C_I ↼x↽ ./ inf_{h∈}R_k ∑ i∈I ↼x_i−l_i↽ max{′, ∇f↼x↽_i−A^⊤_i h}⇓⇐r_i−x_i↽ max{′, A^⊤_i h−∇f↼x↽_i} . ↼4↽ Here A_i denotes the iφth column of A and A

⊤

i its transpose▷ The following results being valid for any optimization problem P ≀{ ⊔⟨⌉ {≀∇⇕ ⇐∈⇒⇔ ⊒⌉∇⌉ ∫⟨≀⊒\ ⟩\ ∪∞⊎̸¬ ∞↙ T⟨⌉ {⊓\⌋⊔⟩≀\ {⊣⇕⟩↕† C_I ↼x↽ deβned in ↼4↽ satisβes the following conditions.

(C1) For each I ⊆ {∞, . . . , m} ∫⊓⌋⟨ ⊔⟨⊣⊔ |I| ≤ q C

I

↼x↽ is continuous on

R↼P⇒↙ (C2) If |I| ≤ q and x^′ ⟩∫ ⊣\ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\ {≀∇ ⊔⟨⌉ ∫⊓⌊√∇≀⌊↕⌉⇕ ⟩\⌈⊓⌋⌉⌈ ⌊† ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\ x and working set I then C

I

↼x^′⇒ ℑ ′↙ (C3) If x is not an optimal solution for P⇔ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣\ I ⊆ {∞, . . . , m} ∫⊓⌋⟨ ⊔⟨⊣⊔ |I| ≤ q and C_I ↼x↽ > 0 provided that q ≥ k ⇁ 1▷ 2▷ Let q ≥ k ⇁ 1 ↼where k is the number of equality constraints in P⇒↙ A∫∫⊓⇕⌉ ⊔⟨⊣⊔ Q ∈ R^{m×m} ↼the matrix from the deβnition of the cost function in ↼1↽↽ has positive deβnite submatrices Q I,I for all subsets I ⊆ {∞, . . . , m} ≀{ ∫⟩‡⌉ ⊣⊔ ⇕≀∫⊔ q▷^4 Let C_I ↼x↽ be a family of functions^5 that satisfies conditions (C1),(C2),(C3). Let a decomposition method induced by C I ↼x↽ be an algo rithm that given the current feasible solution x always chooses a working set I ⊆ {∞, . . . , m} ≀{ ∫⟩‡⌉ ⊣⊔ ⇕≀∫⊔ q that maximizes C_I ↼x↽▷ Then this method converges to an optimal solution▷ We will show in Section 4 that the working set selection induced by the family C_I ↼x↽ from ↼4↽ is ↼unfortunately↽ an NPcomplete problem already for the ↼comparably simple↽ SVMoptimization problem P_0 from (3). We will, however, design a polynomially time-bounded algorithm that, given the current feasible solution x always βnds a working set I ⊆ {∞, . . . , m} ≀{ ∫⟩‡⌉ ⊣⊔ ⇕≀∫⊔ q that maximizes C_I ↼x↽ up to factor 4▷ This raises the question whether convergence can still be granted when the selection of a working set that maximizes C_I ↼x↽ ↼referred to as ♮Exact Working Set Selectionε↽ is replaced by the selection of a working set that maximizes C_I ↼x↽ only up to a constant factor ↼referred to as ♮Approximate Working Set Selectionε↽▷ It turns out fortunately that this is true. 4 This assumption does not follow automatically from the positive semi-definiteness of Q ↼though it would follow from positive deβniteness of Q↽▷ It is however ↼at least for SVMapplications↽ often satisβed▷ For some kernels like for example the RBF kernel it is certainly true, for other kernels it typically satisβed provided that q is suδciently small▷ See also the discussion of this point in ♭13♯▷ 5 not necessarily identical to the family defined in (4)

Theorem 1. Let P be the optimization problem given by (2) and (1), and let q ≥ k ⇁ 1. Assume that Q ∈ R^{m×m} is a matrix with positive definite submatrices Q_{I,I} for all subsets I ⊆ {∞, . . . , m} of size at most q. Let C_I ↼x↽ be a family of functions that satisfies conditions (C1),(C2),(C3). Let an approximate decomposition method induced by C

I

↼x↽ be an algorithm that, given the current

feasible solution x, always chooses a working set I ⊆ {∞, . . . , m} of size at most q that maximizes C_I ↼x↽ up to a constant factor. Then this method converges to an optimal Theorem 1 (whose proof is similar to the original proof of convergence in [16] and

therefore omitted in this abstract) provides a justification to pass from “Exact Working Set Selection” to “Approximate Working Set Selection”.

4 Complexity of Exact Working Set Selection The function family from (4) can be expressed in a simpler fashion when we considerthespecialoptimizationproblem P

0 from (3) in its “normalized version” (with y / μ1↽. C_I ↼x↽ / inf_{t∈}R

∑

i∈I ↼x_i − l_i↽ max{′, ∇f↼x↽_i − t} ⇓ ⇐r_i − x_i↽ max{′, t − ∇f↼x↽_i}

T⟨⟩∫ ↕⌉⊣⌈∫ ⊓∫ ⊔≀ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⇐√⊓∇⌉↕† ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕⇒ √∇≀⌊↕⌉⇕¬^6 EXACT WORKING SET SELECTION (EWSS) Given numbers a_1 ≤ · · · ≤ a_m nonnegative weight parameters w_1, w^′_1, . . . , w_m, w^′_m and a non negative number q βnd a ♮working setε I ⊆ {∞, . . . , m} ≀{ ∫⟩‡⌉ ⊣⊔ ⇕≀∫⊔ q that maximizes the ♮gainε inf_{t∈}R^{i∈I:a} <t w^′_i↼t − a_i↽ ⇁^{i∈I:a} >t i ↼i − t↽ When we consider EWSS as a decision problem we assume that the input tains an additional bound B▷ The question is whether there exists a working set

that achieves a gain of at least B▷ We may think of a_1, . . . , a_m as points on the real line that are ordered from left to right▷ EWSS corresponds to a game between two players. 1▷ Player 1 selects q ′ ≤ q points▷ Intuitively this means that she commits herself to a working set I ⊆ {∞, . . . , m} ≀{ ∫⟩‡⌉ q^′↙ ∈↙ P↕⊣†⌉∇ ∈ ∫⌉↕⌉⌋⊔∫ ⊣ ⊔⟨∇⌉∫⟨≀↕⌈ t and pays an amount of ∑ i∈I:a i<t w ′ i↼t − a_i↽ ⇁ ∑ i∈I:ai>t wi↼a i − t↽ con